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• Discrete Random Variables.

• Probability Mass Functions.

• Cumulative Distribution Functions.

• Discrete R.V. (Mean and Variance).

• Continuous Random Variables.

• Probability Density Functions.

• Continuous R.V. (Mean and Variance).

• Joint Probability Distributions.
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Chapter 2: Random Variable

Probability and Statistics
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Joint Prob. Mass Fun. (1/11)

Probability and Statistics

Joint Probability Mass Function:

If 𝑋 and 𝑌 are two discrete random variables, the joint 

probability mass function is denoted as 𝑓𝑋𝑌 𝑥, 𝑦 , satisfies

1) 𝑓𝑋𝑌 𝑥, 𝑦 ≥ 0

2) 

𝑋



𝑌

𝑓𝑋𝑌 𝑥, 𝑦 = 1

3) 𝑓𝑋𝑌 𝑥, 𝑦 = 𝑃(𝑋 = 𝑥, 𝑌 = 𝑦)
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Review Example 1

𝑆 = 𝐻𝐻,𝐻𝑇, 𝑇𝐻, 𝑇𝑇
𝑋 2 1 1 0
𝑌 0 1 1 2

Joint Prob. Mass Fun. (2/11)

number of heads

number of tails



5© Ahmed Hagag Probability and Statistics

Review Example 1

𝑆 = 𝐻𝐻,𝐻𝑇, 𝑇𝐻, 𝑇𝑇
𝑋 2 1 1 0
𝑌 0 1 1 2

𝒚 𝒙 𝟎 𝟏 𝟐

𝟎 0 0 1/4

𝟏 0 2/4 0

𝟐 1/4 0 0

Joint Prob. Mass Fun. (3/11)

number of heads

number of tails

joint probability mass function 𝒇𝑿𝒀 𝒙, 𝒚
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Joint Prob. Mass Fun. (4/11)

Probability and Statistics

Marginal Probability Distributions

The marginal distributions of the random variable 𝑋 alone is:

𝑓𝑋 𝑥 =

𝑦

𝑓𝑋𝑌 (𝑥, 𝑦)

The marginal distributions of the random variable 𝑌 alone is:

𝑓𝑌 𝑦 =

𝑥

𝑓𝑋𝑌 (𝑥, 𝑦)
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Joint Prob. Mass Fun. (5/11)

Probability and Statistics

Review Example2

Find: 

1) 𝑓𝑋 𝑥

𝒚 𝒙 𝟎 𝟏 𝟐

𝟎 0 0 1/4

𝟏 0 2/4 0

𝟐 1/4 0 0

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Joint Prob. Mass Fun. (5/11)

Probability and Statistics

Review Example2

𝑓𝑋 𝑥
𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Joint Prob. Mass Fun. (5/11)

Probability and Statistics

Review Example3

Find: 

2) 𝑓𝑌 𝑦

𝒚 𝒙 𝟎 𝟏 𝟐 𝒇𝒀 𝒚

𝟎 0 0 1/4 𝟏/𝟒

𝟏 0 2/4 0 𝟐/𝟒

𝟐 1/4 0 0 𝟏/𝟒
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Joint Prob. Mass Fun. (5/11)

Probability and Statistics

Review Example3

𝑓𝑌 𝑦 𝒚 𝟎 𝟏 𝟐

𝒇𝒀 𝒚 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Joint Prob. Mass Fun. (6/11)

Probability and Statistics

Mean from a Joint Distribution (Discrete): 

Mean for the random variable 𝑋 alone is:

𝐸 𝑋 =

𝑥

𝑥𝑓𝑋 𝑥

Mean for the random variable 𝑌 alone is:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦
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Joint Prob. Mass Fun. (7/11)

Probability and Statistics

Variance from a Joint Distribution (Discrete): 

Variance for the random variable 𝑋 alone is:

𝑉 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋
2

and s.d. of 𝑋 = 𝜎𝑋 = 𝑉 𝑋

Variance for the random variable 𝑌 alone is:

𝑉 𝑌 = 𝐸 𝑌2 − 𝐸 𝑌
2

and s.d. of 𝑌 = 𝜎𝑌 = 𝑉 𝑌
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Example1 (1/4): (from the previous example)

𝑓𝑋 𝑥

Find:

𝐸(𝑋)

𝑉 𝑋

𝜎𝑋

Joint Prob. Mass Fun. (8/11)

𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Example1 (2/4): (from the previous example)

𝑓𝑋 𝑥

1:

𝐸 𝑋 =

𝑥

𝑥𝑓𝑋 𝑥 = 0
1

4
+ 1

2

4
+ 2

1

4
= 1

Joint Prob. Mass Fun. (8/11)

𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Example1 (3/4): (from the previous example)

𝑓𝑋 𝑥

2:

𝑉 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋
2

𝐸 𝑋2 = 0
1

4
+ 1

2

4
+ 4

1

4
=
6

4
= 1.5

Joint Prob. Mass Fun. (8/11)

𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Example1 (3/4): (from the previous example)

𝑓𝑋 𝑥

2:

𝐸 𝑋2 = 0
1

4
+ 1

2

4
+ 4

1

4
=
6

4
= 1.5

𝑉 𝑋 = 1.5 − 1 2 = 0.5

Joint Prob. Mass Fun. (8/11)

𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Example1 (4/4): (from the previous example)

𝑓𝑋 𝑥

3:

𝑉 𝑋 = 1.5 − 1 2 = 0.5

𝜎𝑋 = 0.5 = 0.7071

Joint Prob. Mass Fun. (8/11)

𝑥 𝟎 𝟏 𝟐

𝒇𝑿 𝒙 𝟏/𝟒 𝟐/𝟒 𝟏/𝟒
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Joint Prob. Mass Fun. (9/11)

Probability and Statistics

Conditional Probability Distributions (Discrete):

The random variables 𝑋 and 𝑌 are discrete, the  conditional 

probability mass function of 𝑋 given 𝑌 = 𝑦 is:

𝑓𝑋|𝑦 𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑌 𝑦

for 𝑓𝑌 𝑦 > 0
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Joint Prob. Mass Fun. (9/11)

Probability and Statistics

Conditional Probability Distributions (Discrete):

The random variables 𝑋 and 𝑌 are discrete, the  conditional 

probability mass function of 𝑋 given 𝑌 = 𝑦 is:

𝑓𝑋|𝑦 𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑌 𝑦

𝒇𝑿|𝟐 𝒙 = 𝒇𝑿|𝒀=𝟐 𝒙 = 𝒇𝑿𝒀(𝒙, 𝟐 Τ) 𝒇𝒀 𝟐

𝑻𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒂𝒍 𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝑿 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝒀 = 𝟐.

1
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Joint Prob. Mass Fun. (9/11)

Probability and Statistics

Conditional Probability Distributions (Discrete):

The random variables 𝑋 and 𝑌 are discrete, the  conditional 

probability mass function of 𝑋 given 𝑌 = 𝑦 is:

𝑓𝑋|𝑦 𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑌 𝑦

𝒇𝒀|𝟑 𝒚 = 𝒇𝒀|𝑿=𝟑 𝒚 = 𝒇𝑿𝒀(𝟑, 𝐲 Τ) 𝒇𝑿 𝟑

𝑻𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒂𝒍 𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒀 𝒈𝒊𝒗𝒆𝒏 𝒕𝒉𝒂𝒕 𝑿 = 𝟑.

2
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Example2:

𝑓𝑋𝑌 𝑥, 𝑦

Find:

𝑓𝑋(𝑥)

𝐸(𝑌)

𝜎𝑋

𝑓𝑋|3 𝑥

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example2 – Answer (1/17):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝑓𝑋(𝑥) → marginal 𝑋

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝒇𝑿 𝒙 𝟏/𝟒 𝟑/𝟖 𝟏/𝟒 𝟏/𝟖
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Example2 – Answer (1/17):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝑓𝑋(𝑥) → marginal 𝑋

Joint Prob. Mass Fun. (10/11)

𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝒇𝑿 𝒙 𝟏/𝟒 𝟑/𝟖 𝟏/𝟒 𝟏/𝟖
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Example2 – Answer (2/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸(𝑌) → Mean 𝑌

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example2 – Answer (2/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example2 – Answer (3/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖
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Example2 – Answer (3/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒇𝒀 𝒚

𝟏 𝟏/𝟒

𝟐 𝟏/𝟖

𝟑 𝟏/𝟒

𝟒 𝟏/𝟒

𝟓 𝟏/𝟖
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Example2 – Answer (4/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦

𝐸 𝑌 = 1
1

4
+ 2

1

8
+ 3

1

4
+ 4

1

4
+ 5

1

8
=
23

8

Joint Prob. Mass Fun. (10/11)

𝒚 𝒇𝒀 𝒚

𝟏 𝟏/𝟒

𝟐 𝟏/𝟖

𝟑 𝟏/𝟒

𝟒 𝟏/𝟒

𝟓 𝟏/𝟖
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Example2 – Answer (4/17):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝐸 𝑌 =

𝑦

𝑦𝑓𝑌 𝑦

𝐸 𝑌 =
23

8
= 2.875

Joint Prob. Mass Fun. (10/11)

𝒚 𝒇𝒀 𝒚

𝟏 𝟏/𝟒

𝟐 𝟏/𝟖

𝟑 𝟏/𝟒

𝟒 𝟏/𝟒

𝟓 𝟏/𝟖
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Example2 – Answer (5/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

= 𝑉 𝑋

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example2 – Answer (5/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

= 𝑉 𝑋

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8= 𝑬 𝑿𝟐 − 𝑬 𝑿
𝟐
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Example2 – Answer (6/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

= 𝑉 𝑋

Joint Prob. Mass Fun. (10/11)

Recall



33© Ahmed Hagag Probability and Statistics

Example2 – Answer (7/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

= 𝑉 𝑋

Joint Prob. Mass Fun. (10/11)

Recall

𝐸 𝑋 =

𝑥

𝑥𝑓𝑋 𝑥

= 1
1

4
+ 1.5

3

8
+ 2.5

1

4
+ 3

1

8
= 1.8125
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Example2 – Answer (8/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

= 𝑉 𝑋

Joint Prob. Mass Fun. (10/11)

Recall

𝐸 𝑋2 =

𝑥

𝑥2𝑓𝑋 𝑥

= 1
1

4
+ 2.25

3

8
+ 6.25

1

4
+ 9

1

8

= 3.78125
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Example2 – Answer (9/17):

𝑓𝑋𝑌 𝑥, 𝑦

3:

𝜎𝑋 → s.d. of 𝑋

𝑉 𝑋 = 3.78125 − 1.8125 2 = 0.49609375

𝜎𝑋 = 0.49609375 = 0.704339

Joint Prob. Mass Fun. (10/11)

𝐸 𝑋 = 1.8125

𝐸 𝑋2 = 3.78125



36© Ahmed Hagag Probability and Statistics

Example2 – Answer (10/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

𝑇ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑌 = 3.

Joint Prob. Mass Fun. (10/11)
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Example2 – Answer (11/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑋|𝑦 𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑌 𝑦



38© Ahmed Hagag Probability and Statistics

Example2 – Answer (11/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑋|𝑦 𝑥 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑌 𝑦

𝑦 = 3
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Example2 – Answer (11/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑋|3 𝑥 =
𝑓𝑋𝑌 𝑥, 3

𝑓𝑌 3
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Example2 – Answer (12/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖𝑓𝑋|3 𝑥 =
𝑓𝑋𝑌 𝑥, 3

𝑓𝑌 3
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Example2 – Answer (12/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖𝑓𝑋|3 𝑥 =
𝑓𝑋𝑌 𝑥, 3

𝑓𝑌 3

𝑦 = 3
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Example2 – Answer (13/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖

𝒇𝑿|𝟑 𝒙 𝟎

𝑓𝑋|3 1 =
𝑓𝑋𝑌 1,3

𝑓𝑌 3
=

0

1/4

𝑦 = 3
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Example2 – Answer (13/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖

𝒇𝑿|𝟑 𝒙 𝟎 𝟏

𝑓𝑋|3 1.5 =
𝑓𝑋𝑌 1.5,3

𝑓𝑌 3
=
1/4

1/4

𝑦 = 3
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Example2 – Answer (13/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖

𝒇𝑿|𝟑 𝒙 𝟎 𝟏 𝟎

𝑓𝑋|3 2.5 =
𝑓𝑋𝑌 2.5,3

𝑓𝑌 3
=

0

1/4

𝑦 = 3
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Example2 – Answer (13/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝒇𝒀 𝒚

𝟏 1/4 0 0 0 𝟏/𝟒

𝟐 0 1/8 0 0 𝟏/𝟖

𝟑 0 1/4 0 0 𝟏/𝟒

𝟒 0 0 1/4 0 𝟏/𝟒

𝟓 0 0 0 1/8 𝟏/𝟖

𝒇𝑿|𝟑 𝒙 𝟎 𝟏 𝟎 𝟎

𝑓𝑋|3 3 =
𝑓𝑋𝑌 3,3

𝑓𝑌 3
=

0

1/4

𝑦 = 3
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Example2 – Answer (13/17):

𝑓𝑋𝑌 𝑥, 𝑦

4:

𝑓𝑋|3 𝑥

Joint Prob. Mass Fun. (10/11)

𝑓𝑋|3 𝑥 =
𝑓𝑋𝑌 𝑥, 3

𝑓𝑌 3

𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝒇𝑿|𝟑 𝒙 𝟎 𝟏 𝟎 𝟎
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Example2 – Answer (14/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

𝑇ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑌 𝑔𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑋 = 1.5.

Joint Prob. Mass Fun. (10/11)
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Example2 – Answer (15/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑌|𝑥 𝑦 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑋 𝑥
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Example2 – Answer (15/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑌|𝑥 𝑦 =
𝑓𝑋𝑌 𝑥, 𝑦

𝑓𝑋 𝑥

𝑥 = 1.5
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Example2 – Answer (15/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑓𝑌|1.5 𝑦 =
𝑓𝑋𝑌 1.5, 𝑦

𝑓𝑋 1.5
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Example2 – Answer (16/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝑓𝑌|1.5 𝑦 =
𝑓𝑋𝑌 1.5, 𝑦

𝑓𝑋 1.5

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝒇𝑿 𝒙 𝟏/𝟒 𝟑/𝟖 𝟏/𝟒 𝟏/𝟖

𝑥 = 1.5
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Example2 – Answer (17/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝑓𝑌|1.5 𝑦 =
𝑓𝑋𝑌 1.5, 𝑦

𝑓𝑋 1.5

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑 𝑓𝑌|1.5 𝑦

𝟏 1/4 0 0 0 𝟎

𝟐 0 1/8 0 0 𝟏/𝟑

𝟑 0 1/4 0 0 𝟐/𝟑

𝟒 0 0 1/4 0 𝟎

𝟓 0 0 0 1/8 𝟎

𝒇𝑿 𝒙 𝟏/𝟒 𝟑/𝟖 𝟏/𝟒 𝟏/𝟖

𝑥 = 1.5
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Example2 – Answer (17/17):

𝑓𝑋𝑌 𝑥, 𝑦

5:

𝑓𝑌|1.5 𝑦

Joint Prob. Mass Fun. (10/11)

𝑓𝑌|1.5 𝑦 =
𝑓𝑋𝑌 1.5, 𝑦

𝑓𝑋 1.5

𝒚 𝒇𝒀|𝟏.𝟓 𝒚

𝟏 𝟎

𝟐 𝟏/𝟑

𝟑 𝟐/𝟑

𝟒 𝟎

𝟓 𝟎
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Joint Prob. Mass Fun. (11/11)

Probability and Statistics

Conditional Mean and Variance (Discrete): 

The conditional mean of 𝑋 given 𝑌 = 𝑦:

𝐸 𝑋 | 𝑦 =

𝑥

𝑥𝑓𝑋|𝑦 𝑥

The conditional variance of 𝑋 given 𝑌 = 𝑦:

𝑉 𝑋 | 𝑦 =

𝑥

𝑥2𝑓𝑋|𝑦 𝑥 − 

𝑥

𝑥𝑓𝑋|𝑦 𝑥

2
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Example3: 

𝑓𝑋 𝑥

Find:

𝐸 𝑋 | 3

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example3 – Answer (1/7):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝐸 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝐸 𝑋 | 𝑦 =

𝑥

𝑥𝑓𝑋|𝑦 𝑥

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example3 – Answer (1/7):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝐸 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝐸 𝑋 | 3 =

𝑥

𝑥𝑓𝑋|3 𝑥

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑦 = 3
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Example3 – Answer (2/7):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝐸 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝐸 𝑋 | 3 =

𝑥

𝑥𝑓𝑋|3 𝑥

𝑦 = 3

Recall
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Example3 – Answer (3/7):

𝑓𝑋𝑌 𝑥, 𝑦

1:

𝐸 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝐸 𝑋 | 3 =

𝑥

𝑥𝑓𝑋|3 𝑥

= 1 0 + 1.5 1 + 2.5 0 + 3 0 = 1.5

Recall
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Example3 – Answer (4/7):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝑉 𝑋 | 𝑦 =

𝑥

𝑥2𝑓𝑋|𝑦 𝑥 − 

𝑥

𝑥𝑓𝑋|𝑦 𝑥

2

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8
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Example3 – Answer (4/7):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝑉 𝑋 | 3 =

𝑥

𝑥2𝑓𝑋|3 𝑥 − 

𝑥

𝑥𝑓𝑋|3 𝑥

2

𝒚 𝒙 𝟏 𝟏. 𝟓 𝟐. 𝟓 𝟑

𝟏 1/4 0 0 0

𝟐 0 1/8 0 0

𝟑 0 1/4 0 0

𝟒 0 0 1/4 0

𝟓 0 0 0 1/8

𝑦 = 3
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Example3 – Answer (5/7):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)

𝑉 𝑋 | 3 =

𝑥

𝑥2𝑓𝑋|3 𝑥 − 1.5 2

𝑦 = 3

Recall

𝐸 𝑋 | 3 =

𝑥

𝑥𝑓𝑋|3 𝑥 = 1.5
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Example3 – Answer (6/7):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)



𝑥

𝑥2𝑓𝑋|3 𝑥 = 1 0 + 2.25 1 + 6.25 0 + 9 0 = 2.25

Recall

𝑉 𝑋 | 3 =

𝑥

𝑥2𝑓𝑋|3 𝑥 − 1.5 2
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Example3 – Answer (7/7):

𝑓𝑋𝑌 𝑥, 𝑦

2:

𝑉 𝑋 | 3

Joint Prob. Mass Fun. (11/11)



𝑥

𝑥2𝑓𝑋|3 𝑥 = 1 0 + 2.25 1 + 6.25 0 + 9 0 = 2.25

𝑉 𝑋 | 3 = 2.25 − 1.5 2 = 0



Video Lectures

https://www.youtube.com/playlist?list=PLxIvc-MGOs6gW9SgkmoxE5w9vQkID1_r-All Lectures: 

Lecture #6:  https://www.youtube.com/watch?v=vZLUoC_O3xs&list=PLxIvc-

MGOs6gW9SgkmoxE5w9vQkID1_r-&index=8
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https://www.youtube.com/playlist?list=PLxIvc-MGOs6gW9SgkmoxE5w9vQkID1_r-
https://www.youtube.com/watch?v=vZLUoC_O3xs&list=PLxIvc-MGOs6gW9SgkmoxE5w9vQkID1_r-&index=8
https://www.youtube.com/watch?v=vZLUoC_O3xs&list=PLxIvc-MGOs6gW9SgkmoxE5w9vQkID1_r-&index=8


Dr. Ahmed Hagag
ahagag@fci.bu.edu.eg
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